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Abstract. We introduce the abelian class group Cab(G) of a reductive 
group scheme G over a ring A of arithmetical interest and study some 
of its basic properties. For example, we show that if the fraction field 
of ^ is a global field without real primes, then there exists a surjection 
C(G) Cab(G), where C(G) is the class set of G. 

1. Introduction 

Let K a global field, i.e., K is either a number field or a function field 
in one variable over a finite field k. Let 5" be a nonempty open subscheme 
of the spectrum of the ring of integers of K (in the number field case) 
or a nonempty open affine subscheme of the unique smooth, projective and 
irreducible curve over k whose function field is K (in the function field case) . 
For any nonempty open subscheme U of S, let Uq denote the set of closed 
points of U . For each v ^ Sq, let denote the completion of the local ring 
of 5 at t; and let denote the fraction field of O^. Let 

As{U) = n i^, X J] a 

v£So\Uo vgUo 

be the ring of [/-integral adeles of S. The rings As{U) form an inductive 
system when the sets U are ordered by reverse inclusion (i.e., U < U' if, 
and only if, U D U') and the ring of adeles of 5 is, by definition, 

As = lh^ As{U). 

u 

Now let G be an affine group scheme of finite type over S with smooth 
generic fiber. Then the class set of G, 

CiG) = GiAsiS))\GiAs)/G{K), 

encodes important arithmetic information about G. Unfortunately, the 
above set is notoriously difficult to compute and, in general, carries no addi- 
tional structure, which makes the tools of Algebra rather useless in its study. 
It is perhaps for this reason that, at least in specific cases, researchers have 
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sought to study certain abelian groups which in some sense "approximate" 
C{G). A well-known instance of this approach can be found in the the- 
ory of quadratic forms, where the genus class set of a quadratic form q 
(or, equivalently, the class set of a natural integral model of its orthogonal 
group) is studied via an "abelian group approximation" , namely the spinor 
genus class group of q. In this paper we present the beginnings of a gen- 
eral development of this idea. More precisely, we introduce the abelian class 
group of a reductive S-group scheme G and study some of its main proper- 
ties (see below for statements). Thus the theory developed here applies to 
(connected) reductive algebraic groups over K which extend to a reductive 
group scheme over S, i.e., which have good reduction over S. We work under 
this restriction because the general case, where G is allowed to have "bad" 
(non-reductive) fibers, requires a long series of preparation^ which will be 
the subject of separate papers. In this sense, therefore, the present paper is 
less general than the work of C. Demarche |Dem2| . who considered arbitrary 
flat integral models of finite type of a (connected) reductive algebraic group 
Gk over a number field K. See |Dem2j . §4. However, in a different sense to 
be explained below, the present paper is more general than [op.cit.]. Indeed, 
the arguments of [op.cit.] are valid only under the hypothesis (H) that the 
simply-connected central cover Gk of Gk satisfies the strong approximation 
property with respect to the set S of primes of K which do not correspond 
to a point of Sq. Under hypothesis (H), the class sets of the models consid- 
ered in [ Dem2j are naturally equipped with the structure of (finite) abelian 
groups, and Demarche is able to use the Brauer-Manin pairing to obtain 
a duality theorem for these groups |Dem2] . Theorem 4.1. We stress here 
the evident fact that, since the Brauer group of a scheme is abelian, the 
Brauer-Manin pairing can only "detect" abelian groups associated to G. In 
this regard, we also note that (H) implies as well that the defect of strong 
approximation for Gk relative to S is naturally equipped with the struc- 
ture of an abelian group, and |Dem2j . Theorem 3.14, can be interpreted 
as a duality statement for this group. In this paper we dispense with the 
hypothesis (H) in the study of class sets of reductive group schemes over S 
and, in particular, abandon the compact-noncompact-type dichotomy which 
is familiar from the discussion of class sets contained in |PR| . §§8.2 and 8.3. 
We are thus able to handle both cases simultaneously (again, under a "good 
reduction" hypothesis on Gk)- Note, further, that this paper also covers the 
function field case. 

We now state the main results of the paper. 

Let G be a reductive group scheme over S, let G'^'^^ be the derived group 
of G and set G*""^ = G/G'^^^ . Further, let G be the simply-connected central 
cover of G'^'^'^ and let /U for the fundamental group of G^'^^ , i.e., the kernel of 
G G'^"'. Now let Sfi be the smah fppf site over S and let Hi^{SR, G) be 



Including the development of a homotopy theory for smooth (abelian) sheaves over 
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the abelian cohomology groups of G introduced in [GA3j . Restriction to the 
generic fiber of G yields a map Hj^^{S{i,G) H^^{K{[,G), and the abelian 
class group of G is by definition 

C7ab(G) = Ker [//ibl^fl, G) ^ Hl^iKu, G)] . 

When K has no real primes and Gk satisfies hypothesis (H), so that C(G) 
has a natural abelian group structure as mentioned above, then there exists a 
canonical isomorphism C{G) ~ CahiG) (see Remark 3.12(b) j^. Then results 
from Section 3, which essentially follow from the main theorem of |GA3] . 
yield the following statement. 

Theorem 1.1. (=Theorem 3.11) Assume that K has no real primes. Then 
there exist a natural right action of H^^{S{i, G) on H^i^Sct, G) and a canon- 
ical exact sequence of pointed sets 

1 ^ H\Sa,G)/H^^iSn,G) ^ C(G) ^ Cab(G) ^ 1, 

where the first nontrivial map is infective. 

In Section 3 we also study some basic properties of Cab(G'). In particu- 
lar, using the flasque resolutions of G constructed in |GA4| . we obtain the 
following results. 

Theorem 1.2. (=Theorem 3.13) Let G be a reductive group scheme over S 
and letl^F^H^G^l be a flasque resolution of G. Set R = H^°^ . 
Then the given resolution induces an exact sequence of finitely generated 
abelian groups 

fiiS) ^ FiS) ^ RiS) ^ //°b('5fl,G) ^ HHS,uF) ^ C{R) ^ Cab(G) ^ 1. 

Theorem 1.3. (=Corollary 3.14) Let L/K be a finite Galois extension and 
let S' —7- S be the normalization of S in L. Let G be a reductive group 
scheme over S and letl^F^H-^G^l be a flasque resolution of G. 
Then the given resolution defines a corestriction homomorphism 

cores^ys: Cab(S",G) Ci,h{S,G), 

where Cab(5'',G) (respectively, Ga_h{S,G)) is the abelian class group ofGxs 
S' (respectively, G). 

The homomorphism of the theorem is independent, up to isomorphism, of 
the chosen flasque resolution of G and is functorial in S' — )• S. See Remark 
3.15. When K has no real primes and Gk satisfies hypothesis (H), so that 
G{G) ~ Cab(G') as noted above, the preceding theorem shows that C{G) is 
endowed with natural corestriction maps. When K is an arbitrary number 
field and Gk satisfies hypothesis (H), C. Demarche obtained in [Dem2j , The- 
orem 4.6, a similar corestriction homomorphism which presumably coincides 



When A' is a number field with real primes, the relation between C{G) and Cab(G) 
is more complicated. See Remark 3.12(c). 
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with the above one when K is totahy imaginary. The existence of such core- 
striction maps (under hypothesis (H) and for any K) was first estabhshed 
in [Th] . Theorem 14, p. 36. 

In Sections 4 and 5 we use results of C. Demarche jPemlj and M.Borovoi 
and J. van Hamel jBvHj to obtain the fohowing result. Set Gk = G Xs 
SpecK. 

Theorem 1.4. (=Theorem 5.5) Assume that Gk = G Xs Specif admits a 
smooth K -compactificatiof^. There exists a perfect pairing of finite groups 

Cab(G) X BtI^,{Gk)/B{Gk) ^ Q/Z, 

where Br^m,(G/^) and I^{Gk) are the subgroups of the algebraic Brauer 
group of Gk given by (15.41) and (15. ID , respectively. 

When is a totally imaginary number field and Gk satisfies hypothesis 
(H), the pairing of the theorem should be closely related to that obtained 
by Demarche in |Dem2j . Theorem 4.14. We hope to clarify this issue in a 
future publication. 

Acknowledgements 

I thank Bas Edixhoven, Philippe Gille, Niko Naumann and Adrian Vasiu 
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2. Preliminaries 

Let K and S be as in the Introduction. We will write Sa (respectively, 
Set, S^is) for the small fppf (respectively, etale, Nisnevich) site over S. 
If T = fi or et, G is an S-group scheme and i = or 1, H'^{Sr,G) will 
denote the i-th cohomology set of the sheaf on Sr represented by G. If 
G is commutative, these cohomology sets are in fact abelian groups and 
are defined for every z>0. If ^'^S is a morphism of schemes, we will 
write H'^{S'q,G) for H^{S'f^,GxsS'). When G is smooth, the canonical map 
H'{S^t,G) H'{Sfi,G) isbijective (see [Mil], Remark 111.4.8(a), p.l23). In 
this case, the preceding sets will be identified. If is a field, we will write K 
for a fixed separable algebraic closure of K, F for Gal{K/K) and H^{K, G) 
for the Galois cohomology set (or group) H''(^r,G[K)) . If 5 = Specif, 
H'{S6t,G) and H%K,G) will be identified. 

An S'-group scheme G is called reductive (respectively, semisimple) if it 
is affine and smooth over S and its geometric fibers are connected reductive 
(respectively, semisimple) algebraic groups. If G is a reductive 5-group 
scheme, G* = Yiom. s-gr{G,Gm,s) is the twisted-constant S'-group scheme 
of characters of G. The derived group of G (see [SGASj . XXII, Theorem 
6.2.1(iv)), win be denoted by G'^^''. It is a normal semisimple subgroup 
scheme of G and the quotient 



'This is certainly the case if if is a number field, by Hironaka's theorem. 
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is an 5-torus (in |SGA3j . XXII, 6.2, G*™ is denoted by corad(G) and called 
the comdical of G). Note that, since G'^^'^* = 0, the exact sequence of 
reductive S-group schemes 

(2.1) 1 ^ G^^"" ^ G ^ G^"' ^ 1 

induces the equality G* = 

A semisimple S-group scheme G is called simply- connected if it admits no 
nontrivial central cover, i.e., any central S'-isogeny G' ^ G from a semisim- 
ple S-group scheme G' to G is an isomorphism. If G is any semisimple 
S-group scheme, then there exists a simply-connected S-group scheme G 
and a central isogeny ip: G ^ G. The pair (G, ^p) is unique up to unique 
isomorphism and its formation commutes with arbitrary extensions of the 
base. It is called the simply- connected central cover of G. The fundamental 
group of G is by definition the kernel of <p and will be denoted by ^ (or by 
/iGi if necessary). It is a finite 5-group scheme of multiplicative type. Now, 
if G is any reductive S-group scheme, G will denote the simply-connected 
central cover of its derived group G'^^'^ (which is semisimple). Further, the 
fundamental group of G is by definition that of G'^'^'^ and will be denoted by 
/i (or by hg)- There exists a canonical central extension 

(2.2) 1 ^ /X ^ G ^ G"^""' 1. 

We will write d: G ^ G for the composition G G'^™ ^ G. Clearly, there 
exists a canonical exact sequence 

(2.3) 1 ^ /i ^ G A G ^ G*°" ^ 1. 

Now there exists a canonical "conjugation" action of G on G such that 

(G — 7- G), regarded as a two-term complex with G and G placed in degrees 
— 1 and 0, respectively, is a (left) quasi-abelian crossed module on Sq, in 
the sense of [GA3j . Definition 3.2. See |Br| . Example 1.9, p. 28, and [GA3] , 
Example 2.2(iii). Thus d induces a homomorphism dz'- -^(C) — t- Z{G) and 
the embedding of crossed modules 

(Z(G) %Z{G)) ^ (G^G) 

is a quasi-isomorphism (see |GA3] . Proposition 3.4). In particular, (|2.3p 
induces an exact sequence of ^-groups of multiplicative type 

(2.4) 1^;U^Z(G) ^Z(G)^G*°'^^1. 

Let i > —1 be an integer. The i-th abelian (flat) cohomology group of G 
is by definition the hyper cohomology group 

(2.5) Hi^{S^,G) = W{S^,Z{G)%Z{G)), 

where Z{G) is placed in degree 0. We will also need the dual abelian coho- 
mology groups of G. By definition, these are the groups 

(2.6) iJib(5et,G*)=M*(5et,^(G)*^Z(G)*), 
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where Z{G)* is placed in degree —1. Note that, as the Cartier dual of an 
5-group of multiplicative type is etale over S, the preceding groups coin- 
cide with the flat hypercohomology groups H* (5fl, Z(G)* If 
5 = Specif, where K is a field, we will write Hi^{K, G*) for Hl^iSct, G*). 
Clearly, 

Hl^{K,G*)=M'ir,Z{G{K)y ^ Z{G{K)y) 

(Galois hypercohomology). Now, by (j2.4p . there exist exact sequences 
(2.7) 

. . . ^ H'-\S,t, G*™ ) ^ W+\Sa, 1^) ^ K^iSa, G) ^ H\S,,, G*- ) ^ . . . . 

and 
(2.8) 

. . . ^ H'-\S,u^J*) ^ i^'+H5et,G*°") ^ Hl^{S,uG*) ^ F^(5et,//*) ^ . . . . 
Examples 2.1. 

(a) If G is semisimple, i.e., G*™ = 0, then i74(5fl,G) = /7'+i(5fl,^) 
and/7^b(^et,G*) = /7*(5et,/i*). 

(b) If G has trivial fundamental group, i.e., /i = 0, then HlT^{Sf[,G) = 
H'{Set,G'°n and /7^J5£t,G*) = Z^^+^^^t, G*°" ). 

By |GA3| . there exist canonical abelianization maps 

(2.9) ab^ = ab^/5 : H^Sa, G) ^ Hl^{S^, G) 

so that the following holds. 

Theorem 2.2. Let G he a reductive group scheme over S. 

(i) There exists an exact sequence of pointed sets 

1 ^(s)^G{S)^G{S)^H!^^{Sn,G)^H^{Sn,G) 
^ H\Sa,G)^Hi{Sa,G)^l. 

(ii) The group H^^{S{[,G) acts on the right on the set i?^(5fl,G) com- 
patibly with the map 5o and the preceding exact sequence induces an 
exact sequence of pointed sets 

1 ^ H'{Sn,G)/H^^{Sn,G) ^ HHSii,G) ^ H^^{Sn,G) ^ 1, 

where the map d^^\ induced by d^^\ is injective. 

Proof. By |GA3j . Example 5.4(iii), S is a scheme of Douai type, i.e., every 
class of the Giraud cohomology set //^(5fl, G) is neutral. Thus the theorem 
follows from [G23], Theorem 5.1, Theorem 5.5 and Proposition 3.14(b). The 
action mentioned in (ii) is defined in [op.cit.]. Remark 3.9(b). □ 

Remark 2.3. The exact sequence in part (ii) of the theorem is compatible 
with inverse images, i.e., if 5" — )• is a morphism of schemes of Douai type. 
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then the fohowing diagram commutes 
1 ^ H\S,u G)/i^°b(5fl, G) ^ H\Sa, G) ^ H^^{Sn, G) ^ 1 



1 ^ H\Si„G)/H^^{S{,,G) ^H\Si,,G) -i?i(5^,G) ^ 1. 

This fohows from [GA3j . Remark 4.3, and the fact that the action of H!^^{S{i, G) 
on ff^(5et,G) is compatible with inverse images (see [op.cit.], Remark 
3.9(b)). 

We will write 5*0 for the set of closed points of S and S for the set of primes 
of K which do not correspond to a point of 5*0. Thus T, is nonempty and 
contains all archimedean primes of K in the number field case. For any prime 
V of K, will denote the completion of X at w. If w G 5o, we will write O^j 
for the ring of integers of and k{v) for the corresponding residue field. 
Note that, since k{v) is finite, every A;(f )-torus is cohomologically trivial by 
[Se] . Propositions 5(iii) and 6(b), pp. II- 7-8. If t; is a real prime of K, i is any 
integer and C is a cohomologically bounded complex of abelian sheaves on 
(SpecK„)fl, EI*(i^„^fi, C) will denote the modified (Tate) i-th hypercomology 
group of C defined in |HSj . p. 103. In particular, the groups ^^^{Ky^, G) = 
m'{K^,Z{G) Z{G)) coincide with the groups denoted Hl^{Ky,G) in 
[B3r]. 



3. The abelian class group 



Let K and 5 be as in the Introduction. Let G be a (connected) reductive 
algebraic group over K and let T be a K-torus. Set 



m^{K,G) = Ker 



m'^{K,T) = Ker 



H\K,G) ^\{h\K,,G) 



all V 



all V 



and 

(3.1) mib(K,G)=Ker 



HihiKfi,G) Y\_^lhiKv,fi,G) 



all V 



Proposition 3.1. Let G be a (connected) reductive algebraic group over K . 
Let 1— >F— s-i/^G— s-lftea flasque resolution of G. Then the given 
resolution defines an isomorphism 

mUK,G)^m\K,F). 
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Proof. Since m2(L,Gm) = for every finite separable extension L of K, 
UI^{K,R) = 0. The result is now immediate from [GA4| . Proposition 4.5. 

□ 



Remark 3.2. By |GA3| . Corollary 5.10, there exists a bijection UI^{K, G) ~ 
Iill^{K, G). Thus the proposition yields a bijection m^{K, G) ~ m\K, F) 
which extends to an arbitrary global field K the bijection of |CTj . Theo- 
rem 9.4(ii). Now, if G is semisimple, then |GA4j . (3.4) (with G*™ = 0), 
yields an isomorphism in.^{K,fi) ~ III^(i^, F). Thus there exists a bijec- 
tion III^{K,G) ~ III^(i^, /i) which extends to the function field case the 
bijection of |Sanj . Corollary 4.4. 



Now let 



(3.2) 

and 

(3.3) 



ml{K,G) =Ker 



H\K,G) ^ n H\K,,G) 

veSo 



ml (^,G)=Ker 



Hl^iKf,,G)^ H Hl^{K,,^,G) 

v€So 



The latter group is torsion since, by ()2.7p . H^^{K{i,G) is a torsion group. 

Lemma 3.3. The abelianization map ab^^^: H^{K,G) — )• Hl^{Kf[,G) in- 
duces a surjection 

ml{K,G)^ml^^siK,G). 

Proof. This follows from the commutative diagram 

HHK, G) Fi(i^fl, G) 



v(^Sq v€So 

whose top map is surjective by [GA3j . Theorem 5.5(i), and bottom map is 
bijective by [op.cit.]. Theorem 5.8(i) and Remark 5.9(a). □ 

Now let G be any affine 5'-group scheme of finite type with smooth generic 
fiber. Let As (respectively, As{S)) denote the ring of adeles (respectively, 
integral adeles) of 5 and let 

C{G) = GiAs{S))\G{As)/G{K) 

be the class set of G. Since G is generically smooth, Ye.Nisnevich has 
shown that there exists a canonical bijection G{G) ~ H^{St^is,u^G), where 
u: Set — > S'Nis is the canonical morphism of sites. See |GA2] . Theorem 3.5. 
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Theorem 3.4. (Ye.Nisnevich) Let G he an affine group scheme of finite 
type over S with smooth generic fiber. Assume that H^{Ov^ct,G) is trivial 
for every v €z Sq. Then there exists an exact sequence of pointed sets 

1 ^ C{G) ^ H\S6t,G) ^ Ul].{K,G) ^ 1, 

where the map ip is infective and G) is the set (j3.2p . 

Proof. This follows from |Gi| . Proposition V.3.1.3, p. 323, using the bijection 
C{G) ~ i7^(5Nis5 recalled above and |Nis] , Proposition 1.37, p. 282. □ 

Remark 3.5. The fibers of the map A: H^{Set,G) — IiIg{K,G) appearing 
above may be computed as follows (see [Gi], Corollary V.3.1.4, p. 324): let 
p G H^{S^t,G), choose a G-torsor P representing p and let ^G be the twist 
of G by P (see p]. Proposition III.2.3.7, p.l46). Let Bp: H\S6t,G) ^ 
H^{Sct,^G) be the bijection defined in [op.cit.], Remark III. 2. 6. 3, p. 154. 
Then 9p^ o ^ip induces a bijection 

C{Pg) ^ {p' e H\S,uG): X{p') = X{p)}. 



Corollary 3.6. Let G be a reductive group scheme over S. Then there exists 
an exact sequence of pointed sets 

1 ^ C{G) ^ H\S,t,G) ^ ml{K,G) ^ 1. 

Proof. By the theorem, we only need to check that H^{Ov^ct,G) is trivial 
for every v E 5*0. By |SGA3| . XXIV, Proposition 8.1, there exists a canon- 
ical bijection H^{Oy^^t,G) ~ H^{k{v),G). Now, since G X5 Speck{v) is a 
connected algebraic group over the finite field k{v), the set H^{k{v),G) is 
trivial by Lang's theorem [La] , Theorem 2, p. 557. □ 

Corollary 3.7. Let G be a semisimple and simply- connected group scheme 
over S. 

(i) There exists an exact sequence of pointed sets 

1 ^ C{G) H\S6t,G) H\K,G) 1. 

(ii) The canonical localization map H^{K,G) Yivreai-^^i^u^G) is 
bijective. 

Proof. Since H ^ [K^ , G ) is trivial for every nonarchimedean prime v oi K 
(see [PR], Theorem 6.4, and [BTj, Theorem 4.7(ii)), we have LQ^(K,G) = 
H^{K,G). Thus assertion (i) is immediate from the previous corollary. As- 
sertion (ii) is well-known (see |PRj . Theorem 6.6, p. 286, and [Harj . Theorem 
A, p.125). □ 
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Henceforth, G will denote a reductive group scheme over S. By |GA3] . 
Remark 4.3, there exists a commutative diagram 



ml{K,G) 



^ib('S'fl,G) ^ Hl^{K^,G), 

where the top arrow is surjective by Corollary 3.6, the left-hand vertical 
map is surjective by |GA3j . Proposition 5.5(i), and the right-hand vertical 
map (which is the restriction of ab^^^ to III^(i^, G)) maps Iil\{K, G) onto 

m}^^ g{K,G) by Lemma 3.3. We conclude that the bottom map in the 
above diagram induces a surjection H^^{Sq, G) -» III^^^ s^^^ 

Definition 3.8. Let G be a reductive group scheme over S. The abelian 
class group of G is the group 



Cab(G) =Ker[i/ib(5fl,G) 
Thus, there exists an exact sequence 
(3.4) i^Cab(G)^Fib(5fl,G)- 



^ksiK,G)] 



1. 



Examples 3.9. 

(a) If G is semisimple with fundamental group /U then, by Example 

2.1(a), i?ib(5fl,G) = H^{Sf,,fi) and ml^^siK,G) = m|(K,/i), 
where 



m|(K,/x) =Ker 



Thus there exists an exact sequence of abelian groups 

1 ^ Cab(G) ^ H\Sii,fi) ^ m|(i^,^) ^ L 

Note that Cab(G) is annihilated by the exponent of fi. When n > 2 is 
an integer and fj, = fin,s is the group scheme of n-th roots of unity on 
•S*, C'ab(G) can be computed explicitly. Indeed, taking cohomology 
of the exact sequence of fppf sheaves 1 —)■ Gm — >■ Gm 1 over 

S and over K, we obtain an exact commutative diagram 

Pic(5)/n H^iSf,, fin) Br (5)„ - 



1 



1 



1 1 H^iKfi, fin) Br {Kin 1. 

The right-hand vertical map in the above diagram is injective by 
|ADTj ■ proof of Proposition II. 2.1, p. 164, line -10, whence there 
exists a canonical isomorphism 

C^b{G) = Ke7:[H\SR,fin) ^ H\Kfi,fin)]^'P-ic{S)/n. 
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(b) If G has trivial fundamental group, then Hl^{S^, G) = H^Set, G^°' ) 
and m^b,s(^,G) = m^(i^,G*°0 by Example 2.1(b). Thus, by 
Corollary' 3.6, C^i,{G) = C(G*°0- The latter group is the Neron - 
Raynaud E-class group of the -R'-torus Gj^'^ introduced in |GA2j . 
where S is the set of primes of K which do not correspond to a 
point of S. To check this, we only need to show that the 5-torus 
G*°'^ is the identity component of the Neron-Raynaud model ^ of 
G^'^ over S. There exists a unique S'-morphism i : G^°^ — )• -yV which 
extends the identity morphism on G^'^ (see |BLRj . §10.1, p. 289). By 
|SGA3] . VIb, Lemma 3.10.1, we only need to check that i is an open 
immersion. Let 5' —t- 5* be a connected finite etale cover of S with 
function field L such that G^°' X5 S' ~ G^^s'- Then G^°' Xs S' ^ 
J/' X 55' is the embedding of ^, into J/' x ^5', which is the Neron- 
Raynaud model of Gk XspecA' SpecL ~ ^ over S' (see |BLR| . 
§7.2, Theorem l(iii), p.l76). Thus ixsS': G*™ XsS' ^ ^ X5 S' 
is an open immersion and hence so is z0. 

Consider the exact commutative diagrams 
(3.5) 1 -C(G) -i/i(^6t,G) ^m\{K,G) 



Wr\k,,g)^\\h\k,,g) 

and 

(3.6) 1 . G,b(G) i?lb(5fl, G) niib,s(i^, G) 



n Hl^{Kv, G)—ll Hl^{K,, G) 

whose top rows are given by Corollary 3.6 and (j3.4p . respectively. The 
middle vertical maps in the above diagrams are induced by the compositions 
SpecKy — )■ SpecK — > 5" for f G S. Then (|3.5p and p.6p induce exact 
sequences of pointed sets 

(3.7) 1 ^ G{G) D\S, G) m\K, G) 1 
and 

(3.8) 1 ^ ab(G) ^ Dl^{S, G) ^ Ull^iK, G) ^ 1, 



I thank B.Edixhoven for sending me this proof. 
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D\S,G) =Ker 



Dl^iS,G)=Kev 



Clearly, the restriction of ah}./s- H^{S6t,G) H^y^iSa^G) to D^{S,G) 
defines a map D^{S,G) — )• D}^^{S,G). Further, there exists an exact com- 
mutative diagram 



C{G) 



D\S,G) 



m\K,G) 



- Dl^iS, G) ^ ml^{K, G) 1, 

where the right-hand vertical map is induced by ab^^^. That the latter 
map is bijective is |GA3j . Corollary 5.10. We may now define a map 



(3.10) 



C{G) ^ Cab(G) 



to be that induced by the composition G{G) D^{S,G) Dl^{S,G). 
Note that (l3l^ is surjective if, and only if, Cab(G) C ahl./g{D^{S,G)). 

Now let G(Gy denote the kernel of the composition 



(3.11) 



H\S,,,G) ^ H\K,G) ^ H\K,G)/H^^{K^,G), 



where A is induced by SpecK — )• S and vr is the canonical projection. If 
5o: H^y^{K{[,G) — >• H^(^K,G) is the map appearing in Theorem 2.2(i), then 
Kervr = IuiSq. On the other hand, by Corollary 3.7(i), Ker A is in bijection 
with C(G). Thus, by the surjectivity of A, the pair of maps ()3.1ip induces 
an exact sequence of pointed sets 

1 ^ G{G) C{Gy lm5o 1, 

where the first nontrivial map is injective. Note that, by Corollary 3.7(ii), 
IuiSq is in bijection with a subset of Yl^j-ca,iH^{Kv,G). 

Proposition 3.10. There exists an exact sequence of pointed sets 

1 ^ fx{S) ^ G{S) ^ G{S) ^ ^ab(^fi,G) ^ C{Gy ^ CiG) ^ G^^{G), 

where G{Gy is the kernel of the composition (IS.llh . 
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Proof. This follows from the bijection C(G) ~ Ker [H\Set, G) H\K, G)] 
of Theorem 3.4 and the exact commutative diagram 

. . . i^oj^fl, G) H\Set, G) H\S,t, G) Hl^{S^, G) 

TTO A 

1 H\K, G)/H^^iKfi, G) H\K, G) Hl^{K^, G), 

whose top and bottom rows are given by Theorem 2.2(i) and (ii), respec- 
tively. For the commutativity of the above diagram, see Remark 2.3. □ 

Theorem 3.11. Assume that K has no real primes. Then there exists an 
exact sequence of pointed sets 

1 ^ H\S,t,G)/H^,,iSii,G) ^ G{G) ^ Cab(G) ^ 1, 

where the first nontrivial map is injective. 

Proof. By |GA3] . Theorem 5.8(i) and Remark 5.9(a), the abelianization map 
^^G/K- H^i^iG) — 5- H^^{Kf[,G) is bijective. The theorem is now immedi- 
ate from the exact commutative diagram 

1 ^H\Sa,G)/H^^iSi,,G) ^H\Sa,G) ^Hl^iSa,G) 



1 H\K, G) Hl^{K^, G), 

whose top row is given by Theorem 2.2(ii). □ 
Remarks 3.12. 

(a) The maps appearing in the exact sequences of Proposition 3.10 and 
Theorem 3.11 are induced by the corresponding maps appearing in 
the exact sequence of Theorem 2.2(i), all of which are explicitly 
described in [GA3| . 

(b) Assume that K has no real primes and that Gk has the strong 
approximation property with respect to S (see |PRj . §7.1). Then 
the set H\S&uG) ~ G[G) (see Corollary 3.7) is trivial and C(G) 
is known to have a natural structure of abelian group (see, e.g., 
[Thj . Proposition 13, p. 32). This group, which was denoted Qc\{G) 
in [PR ], §8, has been studied in [PR], §8.2, [Th], §§4.4 4. 5, and 
[Dem2j . §4. Now the theorem and a twisting argument (see |GA3j . 
Corollary 3.15) show that there exists an isomorphism of abelian 
groups Qc\{G) ~ Gab(G). In particular, by Corollary 3.14 below, 
^cl(G) is endowed with natural corestriction homomorphisms. For 
the case of number fields with real primes, see |Dem2) . Theorem 4.6. 

(c) In general, the map G(G) — )• Gab(G) is not surjective. More pre- 
cisely, let c be a class in Gab(G) C H]^-^^{S{i,G) and consider the 
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exact commutative diagram 

H {Set, G) s- H {Set, G) 9- H^-^{S{i, G) 



A 



H\K, G) H\K, G) Hl^{Kti, G) 



whose left-hand vertical map is sm'jective by Corollary 3.7(i). Let c' 
be a preimage of c in H\S(,t, G). Since c maps to zero in H^t^{K^, G), 

A(c') = di^\x') for some x' G H\K,G). Let p' G H\Set,G) be 
such that X{p') = x' and let p = d^^\p'). Choose a G-torsor P' rep- 
resenting p' and let P = P' a'-' G, which is a G-torsor representing 
p. Since A(c') = X{p), Remark 3.5 shows that c' = {6p^ o^(p){c") for 
some class c" G C(^G). Now, by [GXH] . Lemma 3.13, we have 

(^abi,/5 0^^)(c") = (^abi,/5o0p)(c') = ab^/5(c') = c. 

Thus, the following holds. Let y hea complete set of representatives 
for the classes in H^{K,G) ~ ]\^^^^^H^{K^,G) . For each Gk- 
torsor X ^ y , choose an extension of x to a G-torsor X and let 
^G denote the (X A'^G)-twist of G. Then there exists a surjection 
IJxg,_y^(^^) ~^ Gs\y{G). Consequently, since each set G{^G) is in 
bijection with C{G), we conclude that there exists a surjection 

]J C{G) ^ Gab(G). 

In particular, | Cab(G) | is a lower bound for Jlt^reai ^) ' 

#C(G). 

(d) As mentioned in Remark 2.3, the right action of H2^{S^,G) on 
H^{S^tiG^ is compatible with inverse images. Thus, via the bi- 
jection G(G) ~ KeT[H^{Set,G) H\K,G)] of Theorem 3.4, it 
induces a right action of the abelian groupH 



Cl{G) = Ker 
~ Ker 



i/y5fl,G)^i/0jKfl,G)] 
H\S{i,fi)^HHKR,fi)] 



on the set G(G) . Using |GA3j . Proposition 3.14(a), it can be shown 
that the stabilizer in G^jj(G) of a class p G G(G) represented by a 
G-torsor P is 

«ab°,/<j(«G(S) n «9(«G(i^))) c G°,(G), 

where Q = P G, is the Q-twist of 9: G — )• G and the in- 
tersection takes place inside ^G{K). In the interesting particular 
case where fj, = fj,n s the group scheme of n-th roots of unity on S 



^The isomorphism follows from (|2.7p . 
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(n > 2), the cohomological argument given in Example 3.9(a) yields 
an injection C^^{G) ^ Pic(5)„. 

In the remainder of this Section we establish some basic properties of 
Cab(G) using flasque resolutions of G. Recall that a flasque resolution of 
G is an exact sequence 1— )•!, where F is a flasque S- 
torus, R = H^°^ is a quasi-trivial S'-torus and H'^'^^ is a semisimple and 
simply-connected S'-group scheme. See [GA4j for more details. 

For any torus T over 5, set 



D'^{S,T) =Ker 



where the map involved is induced by the compositions Spec Spec K 

/S for u G S. If v G So, the preceding composition coincides with the com- 
position Specir„ ^ SpecO„ ^ 5. Since H^{0^^^t,T) = H'^{k{v),T) = 
by |Mil| . 111.3.11(a), p. 116 (recall that k{v)-ton are cohomologically triv- 
ial), we conclude that the map H'^{S^t,T) — )■ H'^{K,T) induces a map 
D'^{S,T) m^{K,T). 

Theorem 3.13. Let G be a reductive group scheme over S and let 1 — > 
F ^ H ^ G ^ \ he a flasque resolution of G. Set R = if*™. Then the 
given resolution induces an exact sequence of abelian groups 

fi{S) ^ F{S) ^ R{S) ^ H^^k{Sfi,G) ^ H\S,t,F) ^ C{R) ^ Cab(G) ^ 1. 

Proof. Since R is quasi-trivial. Theorem 3.4 and Hilbert's Theorem 90 show 
that C{R) = H\Sit,R)- Thus, since H-^{Sa,G) = n{S) by (G^ . (2.1), 
the sequence of the theorem is exact up to the term H^{Set, F) by |GA4| . 
Proposition 4.2. Thus, it remains only to check the exactness of the sequence 
H^{Set,F) C{R) Cab(G) ^ 1. By [GH] . Propositions 4.2 and 4.5, 
there exists an exact commutative diagram 

. . . G{R) Hl^{S^,G) H\S^uF) H^S^uR) 



n Hl^{K.,,Gr ^ n H\K,,F) ^ n H\K,,R). 

■yes lies v&T, 

The right-hand vertical map in the above diagram is injective by |ADTj . 
Proposition II. 2.1, p. 163. Thus the preceding diagram yields an exact se- 
quence 

H\S,t,F) ^ C{R) ^ Dl^{S,G) ^ D\S,F) ^ 1. 

Now, since F is flasque, the map H'^{S^ti F) ~^ H'^{K,F) is injective (see 
|GTS2j . Theorem 2.2(ii), p. 161), whence D^{S,F) UI^{K,F) is injective 
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as well. The theorem now follows from the diagram 

HHS,t, F) CiR) Dl^iS, G) D\S, F] 



mib(K,G)^m2(K,F), 

where the bottom map is an isomorphism by Proposition 3.1. □ 

Corollary 3.14. Let L/K he a finite Galois extension and let S' ^ S be 

the normalization of S in L. Let G be a reductive group scheme over S and 
letl—^F^H—^G^l be a flasque resolution of G. Then the given 
resolution defines a corestriction homomorphism 

coressys': Cab(5",G) Ca.h{S,G), 

where Cab(5",G) (respectively, Gai,{S,G)) is the abelian class group ofGxs 
S' (respectively, G). 

Proof. Let R = H^°' and recall that G{S,R) = H^{S6t,R) (and similarly 
for R xg S'). There exists a canonical corestriction homomorphism 

coiess>/s:H\Si„F)^H\Sa,F), 

namely the composite 

H\S',„F) ^ W{S,t,Rs'/s{F xs S')) ^ H\Set,F), 

where the second map is induced by the trace morphism Rgi/g(^F X5S') — >■ 
F of |SGA4j . XVII, 6.3.13.2. See |CTS2j . (0.4.1), p. 154. Similarly, there 
exists a corestriction homomorphism cores^^^: G{S',R) — C{S,R). Now, 
by [CTS2], Proposition 1.4, p.l58, 1 ^ FxgS' HxgS' GxgS' 1 is 
a flasque resolution ofGxg S', and the theorem yields an exact commutative 
diagram 

H^{S',^,F) G{S', R) Cab(5', G) 1 



cores coresg 

H\S,t,F) G{S, R) Cab(S, G) 1. 

This establishes the existence of the right-hand vertical map in the above 
diagram, which is the assertion of the corollary. □ 

Remark 3.15. The map of the corollary is independent, up to isomorphism, 
of the chosen flasque resolution of G, i.e., if 1 ^ Fi — )• Hi ^ G — )• 1 
is another flasque resolution of G and cores^yg^i: Cab(S",G) — )■ Cab(>S', G) 
is the corestriction map that it defines, then [GA4j . Proposition 3.7(iii), 
shows that there exist automorphisms a' of CabC-S", G), a of Cab(>S', G) and 
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a commutative diagram 



^S'/S,l 



Cab('S', G) ^ C'ab(<S', G). 

Further, cores5//5 is functorial in S' — > S. This follows from the functoriality 
of the corestriction homomorphisms in the case of tori mentioned above. 

Recall that a flasque S'-torus F is called invertible if it is a direct factor 
of a quasi-trivial 5'-torus. 

Corollary 3.16. Assume that G admits an invertible resolution, i.e., there 
exists a flasque resolution l^F— )•! with F invertiblJ^. Then 
the given resolution induces an exact sequence of abelian groups 

1 ^ fi{S) ^ F{S) ^ R{S) ^ /7°b(^fi, G) ^ C{F) ^ G{R) ^ C,^{G) ^ 1, 



where R = H 



tor 



Proof. Since F is invertible, H^{K,F) = by Hilbert's Theorem 90. Thus 
H^{Set, F) = G{F) by Theorem 3.4 and the corollary is now immediate 
from the theorem. □ 

Remark 3.17. The corollary extends the "good reduction" case of [GA2| . 
Theorem 6.1, from i^T-tori to arbitrary connected reductive X-groups. In- 
deed, let T be a -fC-torus with multiplicative reduction over S which admits 
an invertible resolution 1— >-F— >-i?— J-T— )-l, i.e., F is invertible and R 
is quasi-trivial (this is the case, for example, if T is split by a metacyclic 
extension of by fCTST], Proposition 2, p. 184). Let j: SpecK — >■ 5 be 
the canonical morphism. Since R^j^,F = for the smooth topology on S 
(see [Gl^ . Lemma 4.8(b)), the given resolution induces an exact sequence 
l^^A-^— T-lof Neron-Raynaud models over S. The latter se- 
quence induces, in turn, an exact sequence 1 — )• — )• ^° 1, 
where (respectively, ^%°,^°) denotes the identity component of ^ (re- 
spectively, ^,^). Further, ~ Ker[$(^) $(^)], where 
$(^) = ^/^° and ^>(^) = ^/^°. See [B], Theorems 2.2.4 and 2.3.1, 
pp. 49-50. On the other hand, by [B], Theorem 2.3.4, p. 52, Ker[$(^) 
<^(^)] C <^(^)tors, which is zero by |GA2j . Lemma 4.8(c). Thus the given 
invertible resolution of T induces an exact sequence of connected Neron- 
Raynaud models 

1 ^ ^ ^° ^ ^ 1. 

Since T has multiplicative reduction over 5, is an S'-torus and the pre- 
ceding sequence is an invertible resolution of . Thus the corollary yields 



''This is the case if both G'""^ and Z(G) are split by a metacyclic Galois cover of 5'. 
See [GA4] . Remark 3.3. 
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an exact sequence 

1 ^ ^°{S) ^ ^°{S) ^ sr°{s) ^ c{^°) ^ c{^°) ^ c{sr°) ^ i. 

The groups C(=^°), C(,^°) and C{^°) are the Neron-Raynaud class group 
of T, i? and F over S*, respectively (see Example 3.9(b)), and the last exact 
sequence coincides with the exact sequence of [GA2| . Theorem 6.1, for the 
iT-torus T. 

4. The duality theorem 

Let K and S be as in the Introduction. If T is an S'-torus such that 
m\{K,T) = 0, then C{T) = H^{Set,T) (see Theorem 3.4) is known to 
satisfy a duality theorem. Namely, there exists a perfect pairing of finite 
groups 

(4.1) C{T)xH^{S6uT*)^Q/Z 

induced by the natural pairing T x T* ^ where He denotes coho- 

mology with compact support. See |ADTj . Theorem 11.4.6(a), p. 191. The 
purpose of this Section is to extend the above duality theorem to an arbitrary 
reductive group scheme G over S, with Cab(G') replacing C{T). See Theo- 
rem 4.12. In particular. Corollary 4.14 below extends ()4.ip to an arbitrary 
S'-torus T (see Remark 4.15) . 

For any prime number abelian group B and positive integer m, we will 
write Bim for the ^"^-torsion subgroup of B and Bjl"^ for BjV^B. Set 
B{t) = Um>iBi^n, = ]^^B/£"' and TeB = ]^^Bem. Further, set 
Bi-di. = f]m^"'B and B/l-dhr = B/B^.^,,. 

If B is an abelian topological group and Q/Z is given the discrete topol- 
ogy, let B^ = Homconts. (-B, Q/ Z ) be the Pontryagin dual oiB. It is endowed 
with the compact-open topology. If B is discrete and torsion (respectively, 
profinite), then B^ is profinite (respectively, discrete and torsion). A con- 
tinuous pairing of topological abelian groups A x B ^ Q/Z is called non- 
degenerate on the right (respectively, left) if the induced homomorphism 
B (respectively, A B^) is injective. It is called non- degenerate if 

it is non-degenerate both on the right and on the left. The pairing is said 
to be perfect if the homomorphisms B A^ and A — ?> B^ are (topologi- 
cal) isomorphisms. It is not difficult to see that, for any prime p, a perfect 
pairing A x B ^ Q/Z induces pairings A{p) x (B/p-div) — )• Q/Z and 
(A/p-div) X B[p) Q/Z which are non-degenerate on the left and on the 
right, respectively. Further, two pairings (—,—),(—,—)': Ax B ^ Q/Z are 
said to be isomorphic if there exist automorphisms a of ^ and (3 of B such 
that (a, 6)' = (a(a),/3(6)) for all a € ^ and b e B. 

By [HS], beginning of §3, and |GA1] . beginning of §5, for any cohomo- 
logically bounded complex C of abelian sheaves on Sq there exist hyperco- 
homology groups with compact support IHI*(5fl,C) which fit into an exact 
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sequeno 



where T, is the set of primes of K that do not correspond to a point of 5. 
Set 



(4.2) 



and 



(4.3) 



'{S,C) = Ker 



lm[MiiSfi,C)^m'{Sa,C) 



in\K,C) = Ker 



all V 



Now let Ti and T2 be arbitrary ^-tori and let C = (Ti — t- T2), where Ti 
and T2 are placed in degrees —1 and 0, respectively. Let C* = (T2 — )■ Tj*) 
be the dual complex of twisted-constant S'-groups, where Tg* and are 
placed in degrees —1 and 0, respectively. Then the canonical morphism 
C 0^ C* ^ Gm[l] defined in [Demi], be ginning of §2, induces a pairingj 



(4.4) 



(-,-): Il\Sii,C)xMl-\S,t,C*) 



(cf. jHSj . p. 108). The next result extends [Demi] . Corollary 4.7, to the 
function field case. 



Proposition 4.1. The pairing (j4.4jl induces a perfect pairing of finite groups 

0\S,C) X B\S,C*) Q/Z. 

Proo/. The pairing is defined as follows: if a G B^{S,C) C M\Sa,C) 
and a' € DH'5,C*) C ]Hi(56t,C*) is the image of b' G ml{Sa,C*), then 
{a, a'} = {a,b'), where (— , — ) is the pairing ()4.4p for i = 1. We begin by 
proving the finiteness statement. As noted in [Demlj . proof of Corollary 4.7, 
the finiteness of 0^(5*, C) follows from (a) the finiteness of S, (b) |ADTj . 
Corollary 1.2.4, p. 29, and Theorem 11.4.6(a), p. 191, and (c) the finiteness of 
D^(S,T), where T is an S'-torus. To prove the latter, assume first that T 
is flasque. Then D'^{S,T) injects into III^{K,T) (see the proof of Theorem 
3.13), which is finite by [Pes] . Theorem 2.7(a), p. 52. In the general case, let 
1— >r— >F— >P— T-lbea fiasque resolution of T, where F is flasque and 



Recall that, if u is a real prime, ]HI'(i('„,fl, C) denotes the i-th modified (Tate) hyper- 
cohomology group of C Xg Specii'^. 

Recall that, since the Cartier dual of an S'-group scheme of multiplicative type is etale, 
the groups H^~*(Set, C* ) and Hc~*(Sfl,C*) are canonically isomorphic. 
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P is quasi-trivial (see |CTS2j . (1.3.2), p. 158). Then there exists an exact 
commutative diagram 

1 n H\K,,T) n H\K,,F) 

which yields an exact sequence H^{S^t,P) D'^{S,T) — > D'^{S,F). Since 
H^{Set, P) and D'^{S, F) are both finite, D'^{S, T) is finite as well. As regards 
the finiteness ofB^(S', C*), it again follows from [APT] . Corollary 1.2.4, p. 29, 
the finiteness of S and the finiteness of both 15^(5, Tg) (see [HS], proof of 
Proposition 3.7, p. Ill), and H^{S,Ti) (see [op.cit.], proof of Lemma 3.2(3), 
p. 108). Now, it was shown in |Demlj . Corollary 4.7, that the pairing 

B\S,C){£) X I])\S,C*){i) Q/Z, 

induced by the pairing of the statement, is perfect for any prime i p, 
where p = charJC in the function field case. The following lemmas will show 
that it is perfect for i = p as well. 

Lemma 4.2. For every i ^'L and every m > 1, there exists a perfect pairing 

M*(5fl,C(g)^Z/p") xml-'{S6t,C* (g)'^Z/p"') ^Q/Z, 

where the left-hand group is discrete and torsion and the right-hand group 
is profinite. 

Proof. The proof is similar to the proof of [Demlj . Proposition 4.2, us- 
ing [XDT], Theorem III.8.2, p. 290, in place of [op.cit.]. Corollary 11.3.3(b), 
p.177. □ 

Now defin^ 

m'{Sa, C ®^ Qp/Zp) = lim m'{Sa, C ®^ Z /p"") 

m 

and 

m'{Sfi,c ^^Zp) =]^M'{Sfi,C0^z/p"'). 

m 

Similar definitions apply with H* in place of H*. Then the previous lemma 
yields perfect pairings 

ff(5fl,C0^Qp/Zp) xEI^-^(5et,C*O^Zp) ^ Q/Z 

and 

W{Sii,C®'^Zp) xIHi~^(5et,C*0^Qp/Zp) ^Q/Z. 

^Note that the maps Z /p" -)■ Z /p^^^ (respectively, Z -> Z /p") are induced 

by multiplication by p on Z (respectively, the identity map of Z ) . 
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Consequently, there exist pairings 

(4.5) (]H^(5fl,C(g)LQp/Zp)/p-div) ^nl-'[S^t,C* (S)^ Zp){p) ^ q/Z 
and 

(4.6) W{Sii,C®^'Lp){p) X (Bli-*(5et,C*®^Qp/Zp)/p-div) ^Q/Z 
which are nondegenerate on the right and on the left, respectively. 
Lemma 4.3. For any i, the pairing (14. 4p induces a nondegenerate pairing 

{W{S^,C){p)/p-di^) X (]HI^^(56t,C*)(p)/p-div) ^Q/Z. 

Proof. The proof that follows is very similar to the proof of [GAl] . Theo- 
rem 5.2, to which the reader is referred for further details. There exist an 
injection W{Sq,C){p) /p-d\\ ^ M^{Sa,C)^P\p) (see [op.cit.]. Lemma 2.1) 
and an exact sequence 

1 ^IH*(5fl,C)(^') ^IH*(5fl,C0^Zp) ^TpB.'+\SQ,C). 

See pernlj . p.l6. Therefore ]H*(5fl, C)(P)(p) = M*(5fl, C Zp) (p) and the 
left-hand nondegeneracy of (j4.6p yields an injection 

]H^(5fl, C){p)/p-dw ^ (lHi-*(5fl, C* 0^ qp/Zp)/p-divf . 

On the other hand, there exists an exact sequence 

Ml-\S,t,C*) (^Qp/Zp^Ml-'{S,t,C* (^'^Qp/Zp) ^Ml-\S6t,C*){p) 

which identifies M^^-^Set, C*){p)/^w and Ml-^{Set, C*®^Qp/Zp) /j^iv. 
Thus we obtain an injection 

m\Sn,C)ip)/p-div ^ {ml-'iS,t,C*)ip)/p-divf , 

i.e., the pairing of the lemma is nondegenerate on the left. To see that it is 
nondegenerate on the right, interchange in the above argument C and C* , i 
and 2 — i, M and He and use the right-hand nondegeneracy of ()4.5p . □ 

Lemma 4.4. Assume that a € B^(S', C) H p"^M^{S{i,C) is orthogonal to 
3^{S, C* )pm under the pairing of Proposition 4-1- Then a € p^3^{S, C). 

Proof. The proof is formally the same as the proof of |Deml] . Lemma 4.5, 
using Lemma 4.2 above in place of [op.cit.], Proposition 4.2. □ 

We can now complete the proof of Proposition 4-1- By Lemmas 4.3 and 
4.4, the pairing of Proposition 4.1 induces a nondegenerate (and therefore 
perfect ) pairing of finite groups B'^{S,C){p) x B)^{S,C*){p) Q/Z. See 
[Demlj . proof of Corollary 4.6, p. 19. □ 

Let G be a reductive group scheme over S. Then there exist dual abelian 
cohomology groups with compact support 

//:b,c(5et,G*) = W,{S,,,Z{Gr ^ Z{G)*) 
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which fit into an exact sequence 
(4.7) 



These groups have the following property (cf. |ADT| . Proposition 111.0.4(c), 
p. 221, and Remark III. 0.6, p. 223). Let y be a nonempty open subscheme 
of S. Then there exists an exact sequence 

(4.8) ...^Hl^jV,t,G*)^K^JS,„G*)^ n KbiO.,et,Gn^.... 

v&S\V 



Further, by applying an analog of [APT] . Proposition 111.0.4(b), p. 220, to 
the short exact sequence of complexes 



1) ^ {Z{Gy ^ Z{G) ) ^ {ZiG^^^y ^ Z{G) ) ^ 1 



and using the quasi-isomorphism (Z(G'^'^'')* — )• Z(G)*) ~ (l — )• /j,*), we 

conclude that the groups Hl^^ c(^et, G*) fit into an exact sequence 

(4.9) 

... ^ HtHSeuf^*) ^ m+HS6t,G'°'*) ^ Hl^^^iS,t,G*) ^ H^iS,uf^*) ^ 
Examples 4.5. 

(a) If G is semisimple, i.e., G^°' = 0, then Hi^^^{S^t,G*) = F^(S^t,M*). 

(b) If G has trivial fundamental group, i.e., ^ = 0, then H^^ ^{S^t, G*) = 
//,^+i(5ct,G*°-). 

Now letl— 7>-F— 7>G^lbea flasque resolution of G and let 
C = {F ^ R), where R = H^°\ By [Ml], Proposition 4.2, the given 
resolution induces isomorphisms Hl^{Sf[,G) ~ W{Sf[,G),H\^{S^t,G*) ~ 
W{Set,G*) and Hiy^^^{Set,G*) ~ ni{S(,uG*). In particular, via the above 
isomorphisms, the pairing (j4.4p defines a pairing 



(4.10) 



Hlb{SQ,G) X Hl^^^{Sct,G*) 



Clearly, a different choice of fiasque resolution of G yields another such 
pairing which is isomorphic to (I4.10p . i.e., (I4.10p is independent up to iso- 
morphism of the chosen flasque resolution of G. 

Similarly, for every i; G S, there exist isomorphisms Hl^^[Ky^f[,G) ~ 
W{K^^a,G) and Hi^{K^,G*) ^W{K^,G*). Thus, if 1)1^(5, G) is the group 
(13:^ and 



(4.11) 



Ker 



Im 



Hl^{S,,,G*)^\{Hl^{K,,G*) 

-^ab,c('S'et,G'*) Hl^{Sct,G*) 
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then there exist isomorphisms Dly^{S,G) ~ B\S,C) and Dl^{S,G*) ~ 
0^(5", C*). Consequently, the following is an immediate corollary of Propo- 
sition 4.1. 

Proposition 4.6. The pairing (|4.10p induces a perfect pairing of finite 
groups 

Dl^{S,G)xDl^{S,G*)^Q/^, 
where D^^{S,G) and D^)^(5, G*) are the groups (|3.9p and (|4.1ip . respec- 
tively. □ 

Examples 4.7. 

(a) If G is semisimple, then the proposition yields a perfect pairing of 
finite groups 

D^{S,n) X D\S,fi*) Q/Z. 

See Example 2.1(a). Compare |ADTj . Corollary II. 3. 4, p. 178, and 
[GAlj . Lemma 4.7. 

(b) If G has trivial fundamental group, then the proposition yields a 
perfect pairing of finite groups 

D\S, G^°') X D^{S, G*°") ^ Q/Z . 

See Example 2.1(b). Compare [ADTj . Corollary II.4.7, p. 192, and 
[GH] . Theorem 5.7 (for ^ = (1 ^ 

Lemma 4.8. Xei Y be an S-group scheme which is etale-locally isomorphic 
to V for some r > 1. Then the canonical map H'^{S^t,Y) — > H^(K,Y) is 
injective. 

Proof. Let Ks be the maximal subfield of the separable closure of K which 
is unramified at all primes of K which correspond to a (closed) point of S. 
Further, let S' be the normalization of S in Ks and write Fs = Ga\{Ks/K). 
Then y X5 5' is constant and the proof of |ADTj . Lemma II. 2. 10, p. 172, 
shows that H'^{S'.^,Y) is a quotient of H^{S'^^,{Y x Q)/Y). Since the 
latter group is zero by [op.cit.], proof of Proposition II. 2. 9, p. 171, so is 
H'^{S'^^,Y). Now, since H'^{S'^^^,Y) is also zero [loc.cit.], the exact sequence 
of terms of low degree belonging to the Hochschild-Serre spectral sequence 
HP{rs,H'i{S'-^,Y)) =^ //P+9(S'et,y) yields an isomorphism (7-^^ y) ^ 

i/2(5et,y). On the other hand, the canonical map H^{rs,Y) H'^{K,Y) 
is injective (see [HSj . p. 112, lines 10-15), and the lemma follows. □ 

Now define 

(4.12) mUK, G* ) = Ker hI^{K, G*)^J{ hI^{K,,G* 

all V 

Proposition 4.9. The pairing of Proposition 4-6 induces a perfect pairing 
of finite groups 

mi^{K,G)xmUK,G*)^Q/z, 
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where in.l^^{K,G) and in.}^^{K,G*) are the groups p.ip and ()4.12p . respec- 
tively. 

Proof. We will show that there exist a nonempty open subset W S 
and canonical isomorphisms Dl^{W,G) ~ IIll^{K,G) and Dl^{W,G*) ~ 
]1LI^{K,G*). The proposition will then follow immediately from Proposi- 
tion 4.6. Let l^F^H^G^lhea flasque resolution of G and set 
R = if'™. Then, for any nonempty open subset U of S, the given resolution 
induces isomorphisms Dl^{U,G) ~ 0'^{U,C) and Dl^{U,G*) ~ 0^{U,C*), 
where C = {F ^ R). Similarly, there exist isomorphisms Ull^{K,G) ~ 
m\K,G) and Ully^{K,G*) ~ m\K,G*), where UI\K,C) (respectively, 
m^iK,C*)) is the group ()4.3p . Thus, it suffices to find a set W as above 
and isomorphisms ©i(VF,C) ~ mi(K,C) and D^(VF,C*) ~ U1^{K,C*). 
There exists a nonempty open subset f7 of 5 such that H'^{Viit,R) = 
for every open subset V oi U (indeed, is a finite product of tori of the 
form Rg/^g{Gm,s') where each S' is finite and etale over S and contains a 
nonempty open subscheme with trivial Picard group). It follows that the 
canonical map E[^(yfl,C) — )• H'^{V^t,F) is injective (cf. |GA4j . Proposition 
4.2). Thus there exists an injection D^(y, C) "-^ D^{V,F). Further, the 
canonical map D'^{V,F) — ?> III^(i^, F) is injective (see the proof of Theorem 
3.12) and m^{K,C) m^{K,F) is an isomorphism (cf. Proposition 3.1). 
Now the commutative diagram 

B^V,CY ^D^{V,F) 

{K, c) (K, F) 

shows that the canonical map 0\V,G) m^{K,G) is injective. This map 
is shown to be surjective in |Deml| . proof of Theorem 5.7, p. 22, lines 11- 
12. Thus, for every V CU, the canonical map B^{V,G) m^{K,C) is, 
in fact, an isomorphism. On the other hand. Lemma 4.8 shows that the 
map H'^{S^t,R*) H'^{K,R*) is injective and |GAlj . proof of Lemma 6.2, 
shows that the canonical map H^{S^t, F* ) — )• H^{K, F* ) is an isomorphism. 
In particular, H^{Sa,R*) ^ H^{K,R*) = 0. Thus there exists an exact 
commutative diagram 

1 H\Set,F*) mHSeuC*) ( Set , R* ) 

1 ^ H\K,F*) ^ m\K,C*) ^ i7 2 {K,R*) 

(cf. ^GA4| ■ Proposition 4.2), which shows that there exists an injection 
M^{Set,C*) ^ M^{K,C*). In particular, B^{V,G*) may be ident ified with 
a subgroup oiM.^{K, C*). Now the same arguments used in [Demi] , proofs of 
Lemma 5.6 and Theorem 5.7, show that there exist a nonempty open subset 
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U* of S and isomorphisms B\V,C*) ^ m\K,C*) for every nonempty 
open subset ^ of U*. Further, these isomorphisms are compatible with 
respect to inclusions V ' C V C U* , in the sense that the diagram 

(4.13) B^{V', C*) -^-^ U1^{K, C*), 



(whose vertical map is induced by the canonical map Ml{V!^,C*) — >■ (V^t, C* )) 
commutes. We conclude that, if = UnU* , then there exist isomorphisms 
]D)i(y,C) ~ m^{K,C) and B'^{V,C*) ~ UI^{K,C*) for every nonempty 
open subset V of W, as desired. □ 

Examples 4.10. 

(a) If G is semisimple, the pairing of the proposition is a pairing 

m'^{K,fi) X UI^{K,fi*) Q/Z 

which is isomorphic to the natural one, i.e., that induced by the 
pairing fj, x ff ^ Gm,s (the so-called Poitou-Tate pairing of |ADT| . 
Theorem 1.4.10(a), p. 57, and |GA1) . Theorem 1.1). See Example 
2.1(a). 

(b) If G has trivial fundamental group, then the pairing of the proposi- 
tion is isomorphic to the natural pairing 

m\K,G^°') X m2(K,G*°") ^Q/Z 

for the K-torus G^°'^ x s Spec K . See Example 2.1(b). 

As seen in the proof of Proposition 4.9, the canonical map EI {S^i, C*) — y 
M^{K,G*) is injective. Thus, by |G A4] . Proposition 4.2, the canonical map 
Hahi^ct,G*) Hl^{K,G*) is injective as well. Its image 

(4.14) i7i_,,(if,G*) = Im[Fi(5et,G*) ^ HI^{K,G*)] 

is called the subgroup of (S-)unramified classes of H^y^[K, G*). The following 
statement, which will be used in the next Section, is immediate from (|4.1ip . 

Proposition 4.11. The canonical map H^-^^{Sct,G*) H^^{K,G*) induces 
an isomorphism 



Hl^iK,G*)^ll^'-biKv,G*) 



□ 



Dl^iS,G*)^Hl^^^^iK,G*)nKeT 

We now recall the exact sequence ()3.8p : 

1 ^ C^hiG) ^ Dl^{S,G) ^ U1Uk,G) ^ 1. 

By Propositions 4.6 and 4.9, the dual of the preceding exact sequence of 
finite abelian groups is an exact sequence 

1 ^ ml^iK,G*) ^ Dl^{S,G*) ^ G^kiGf ^ 1. 
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Thus the fohowing holds. 

Theorem 4.12. The pairings of Propositions 4-6 and 4-9 induce a perfect 
pairing of finite groups 

C.,^{G) X Dl^{S,G*)/ml^{K,G*) ^ Q/Z. 

In other words, the exact annihilator of Ci,\y{G) C D}^^{S,G) under the 
pairing of Proposition 4-6 is the group Ull^{K,G*) C Dl^{S,G*). □ 

By Examples 4.7 and 4.10, the following statements are immediate con- 
sequences of the theorem. 

Corollary 4.13. Let G be a semisimple S -group scheme with fundamental 
group /i. Then there exists a perfect pairing of finite groups 

Cab(G) X 1)1(5, /i*)/mi(i^,/z*)^Q/Z. □ 

Corollary 4.14. Let T he an S-torus. Then there exists a perfect pairing 
of finite groups 

G{T) X D'^{S,T*)/m'^{K,T*) ^(Q/Z. □ 

Remark 4.15. If T is an 5-torus such that Ull{K,T) = 0, then m^{K,T) C 
ml{K,T) is zero as weh, whence m^{K,T*) ~ m\K,T)^ = 0. On 
the other hand, H^{Sct,T) Yl^^j^ H^{^v,T) is the zero map (see dia- 
gram (I33|)), whence its dual H^^j. H^{Ky,T*) H^{S^t,T*) is also zero. 
Thus the map H^{Set,T*) — > H'^{Set,T*) is injective and consequently 
D'^{S,T*) ~ H^{S^t,T*). Therefore the corollary yields a perfect pairing 
C{T) X H^{Sct,T*) Q/Z which is isomorphic to the pairing (fO]) . 

Let 

(4.15) Ss: Hl^JS,„G*) ^ J] ^ib(a,et, G*) 

be the canonical map (see ()4.8I) ). Then we have the following alternative 
description of Z^^JS, G*)/IIlib(K, G*) ~ Cab(G)^. 

Proposition 4.16. There exists a canonical isomorphism of finite groups 

DUS,G*)/mUK,G*) c:^lm6s, 
where 6s is the map (j4.15|) . 

Proof. Recall the set W introduced in the proof of Proposition 4.9. For every 
nonempty open subset V of W, there exist isomorphisms Dly^{V,G*) — > 
Illl^{K,G*) which are compatible with respect to inclusions V CV C W, 
i.e., the following diagram commutes 

(4.16) Dl^{V',G*)^mi^{K,G*). 




dUv,g*) 
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Here the vertical arrow is induced by H^i^ ^{V!^,G*) — > H^j^ c(^et,G*) (see 
(j4.13p ). On the other hand, for each V the composition Dl^{V,G*) — )• 
lillkiK, G*) ^ Dl^{S, G*) is induced by the canonical map Ml^^^{V^t, G*) 
^ab c('^et7 G*), and these maps fit into a commutative diagram 



(4.17) 



DUV',G*)^ ^Dl^iS,G*). 



We will now compute the cokernel of the map D^^{V, G*) ^ ^^^{S, G*) for 
any nonempty open subset V of W. Since Dl^{S, G*) = Im [H^^ d^&t^ G*) — )• 
-ff^jj(S'et, G*)] by (|4.1ip . (j4.7p induces an isomorphism 



(4.18) 



Coker 



H Hl^{Ky,G*) ff^b,c('S'et,G'*) 



dUs,g*), 



and similarly over V. Now consider the pairs of maps 



(4.19) n ^ab(i^., G*) ^ n ^ab(^., G*) ^ i/i,c('56t, G*) 



and 



(4.20) 



^a.hi^v,G*) — ^ //^b,c(^t> G*) //^b,c('S'et> G 



which satisfy /3s o av,s = 7V,5 ° Then (I4.19P and (I4.18P show that 
Coker (7 ^ o p^) = Coker (/3g o ) = Coker /3g ~ DI^{S, G*). 



Now (|4.18p over V, the kernel-cokernel exact sequence of the pair of maps 
(fCTjl (see [XDT] . Proposition 1.0.24, p. 16), and the injectivity oi Dl^{V, G*) - 
DI^{S,G*) yield an exact sequence 



(4.21) 



1 ^ Dl^{V,G*) ^ Dl^{S,G*) ^ Coker 7,_, ^ 1. 



Finally, we partially order the family of nonempty open subsets y of by 
setting V <V' CV. Then, by the commutativity of ([OT]) . is 

an exact sequence of inverse systems of finite abelian groups. By (|4.16p . 



(4.22) 



llmDl^{V,G*)^ml^{K,G*). 

vcs 



On the other hand, by ()4.8p . there exists a canonical isomorphism 

s 



Coker 7 



v,s 



Im 



-^ab,c(5'et> G*) //^(-.(Otj^cSt, G* 

v<£S\V 



28 



CRISTIAN D. GONZALEZ-AVILES 



where the map 5yg fits into a commutative diagram 




n -f^ib(C«,et,G*). 

v£S\V 

Consequently 

(4.23) ^im Coker7^g ~ ^im Sy^ = Im^^. 

vcs ' vcs 

Thus, by (|4.22p and (|4.23p . the inverse hmit of ()4.2ip is an exact sequenc43 

1 ^ UIUk, G*) ^ Dib(5, G*) ^ Im5s ^ 1, 

which completes the proof. □ 

The preceding proposition has interesting consequences, as we will now 
see. 

Recall the pairing (|4.1Up : 

When G is semisimple with fundamental group fi, the above pairing is iso- 
morphic to the canonical pairing 

H\Sa,fi)xH^{S6t,f^*)^Q/Z 

of [ADTj . Ill, Corollary 3.2, p. 253, and Theorem 8.2, p. 290 (see Examples 
2.1(a) and 4.5(a)). The latter is a perfect pairing between the discrete torsion 
group H'^{S{i, fi) and the profinite group i?^^(5et, /J.*)- On the other hand, by 
Examples 2.1(b) and 4.5(b), when G = T is a torus, ()4.10p is isomorphic to 
the pairing 

H\S,uT)xH^{S6t,T*)^Q/Z 

of |ADT] ■ Theorem 11.4.6(a), p. 191, which is also perfect (both groups are 
finite by [APT] . Theorem 11.4.6(a), p. 191). Thus ([iTO|) is perfect in two 
important particular case^. Now, when (|4.10p is perfect, the dual of (|3.4p 
is an exact sequence 

(4.24) 1 ^ mib,5(i^,G)^ ^ Hl^^^{S,„G*) ^ Gab(G)^ ^ 1. 



Recall that the inverse limit functor is exact on the category of finite abelian groups 
by [Jen] . Proposition 2.3, p. 14. 

^"'^However, (|4.10p is not perfect in general. More precisely, its perfectness does not 
follow from that of the two particular cases just mentioned (via the standard five-lemma 
argument) because the Pontryagin dual of H^{Sit,T*) is not H'^{Set,T), but rather its 
completion relative to the topology of sugbroups of finite index. See [ADTj . Theorem 
11.4.6(a), p.l91. 
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On the other hand, by Theorem 4.12 and Proposition 4.16, there exists a 
canonical isomorphism Cah{G)^ ~ lm6s- Set 

-f^ab,c('S'et, G*) ^ i/ab(C't;,et,G'*) . 

veSo 

Then (I4.24|) and the isomorphism Cab(G)^ ~ lm.6s yield the fohowing state- 
ment. 

Proposition 4.17. Assume that the pairing (j4.10p is perfect. Then it in- 
duces a perfect pairing 

mib,5(i^,G')xmib,e(s,G*)^Q/z, 

where the left-hand group is the discrete torsion group (13. 3p and the right- 
hand group is the profinite group (j4.25p . □ 

When G is semisimple with fmidamental group /U, Example 3.9(a) shows 
that Illl^]^ g{K,G) is isomorphic to 

On the other hand, since the map 

is injective for every t; € 5*0 by |ADTj . Ill, Lemma 1.1(a), p. 237, and p. 280, 
we conclude that 111^^^ ^{S,G*) is isomorphic to 

veSo 

Thus the following is an immediate consequence of the proposition. 

Corollary 4.18. Let G be a semisimple S -group scheme with fundamental 
group II. Then the natural pairing /x x ^* — > Grn,s induces a perfect pairing 

ml{K,,x) X mi(5,/x*)^Q/z, 

where the left-hand group is the discrete torsion group (j4.26p and the right- 
hand group is the profinite group (j4.27p . □ 

When G = r is an 5-torus, we have ml^g{K,G) = m].{K,T) by 
Example 3.9(b). Note that, since both m^{K,T) and Y{^^^H^{K^,T) are 
finite, nig {K,T) is finite as well. On the other hand, by |Demlj . Lemma 3.2, 
p.lO for every v e Sq the canonical map H^y^iOy^^t, G*) = H'^{0^^^t, T*) 



(4.25) mib,c(5,G'*)=Ker 



(4.26) m|(is:,/i) = Ker 



(4.27) mJ(S,/i*) = Ker 



'The proof given in [op.cit.] is also valid in the function field case. 
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H^{Ky,T*) is injective. Thus, by Examples 2.1(b) and 4.5(b), we conclude 
that ml^^{S,T*) equals 



ml{S,T*) = Ker 



veSo 



We have already noted that H^{S^tiT*) is finite, so 111^(5', T*) is finite as 
well. Thus the following statement is also an immediate consequence of 
Proposition 4.17. 

Corollary 4.19. The natural pairing T x T* ^ Gm,5 induces a perfect 
pairing of finite groups 

Remark 4.20. The dualities of the above two corollaries should not be con- 
fused with those contained in |ADT] . Theorem 1.4.20(a), p. 65. For example, 
the groups denoted III^ (i^,M) in [op.cit.], p. 56, are not the same as the 
groups so denoted here when M = fj, or /U*. 

5. Brauer groups and class groups 

Let K and S be as in the Introduction and let G be a reductive group 
scheme over S. In this Section we use results from fBvH] to relate the dual 
of Cab(G) to the algebraic Brauer group of Gk = G xs Specif. 

If X is any smooth and geometrically integral i^- variety, we will write X 
for X X Specif Specif. 

There exists a canonical complex of abelian groups BiK —?■ BrGx — >■ 
Br Gk and we define 

BraGx = Ker [Br Gi^ ^ Br Gi^] /Im[Bri^ ^ Br G^]. 

Further, set 



(5.1) B(Gj^) = Ker 



BraGi^ ^ J]BraG/<„ 



all V 



For any smooth and geometrically integral K-vaviety X, let UPic(X) be 
the complex of /^-modules defined in [BvHj, §2.1. We note that many of the 
proofs in |BvH] are in fact independent of the characteristic of K, provided 
attention is restricted to reductive groups in [op.cit.], §§3 and 5, and certain 
references to the literature in [loc.cit.] are replaced by references to |San| . 
Those which are not are either irrelevant to the matters discussed in this 
Section, or else there exist published alternative characteristic- free proofs of 
these results (see jBvH ] , Remarks 2.14 and 4.15). 

There exist a canonical divisor map K[X]*/K* Div(X) and a canon- 
ical quasi-isomorphism 

(5.2) UPic(X)[l] ~ {K[X]*/K* Div(X)), 
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where K[X]* /K* is placed in degree —1 and Div(X) in degree (see |BvHj . 
Corollary 2.5 and Remark 2.6). Now letl^F^ff— ^■Ibea flasque 
resolution of G. Then its generic fiber 1 — >■ — >■ Hx — >• Gk — >■ 1 is 
a flasque resolution of Gk (see |CTS2j . Proposition 1.4, p. 158), and the 
following holds. 

Proposition 5.1. Assume that Gk admits a smooth K -compactification. 
Then the flasque resolution 1 — t- Fk — Hk — > Gk — > 1 defines a quasi- 
isomorphism of complexes of F-modules 

\JFic{GK)[l] ^ {R*K ^ Fk) , 

where Rk = 

Proof. By ([521), UPic(Gi^ )[1] is quasi-isomorphic to (K[G]* /K* Div(G/^)). 
Now let X be a smooth ii'-compactification of Gk- Then, by [CTj . Proposi- 
tion B.2(iii) and Remark B.2.1(2), pp. 130-131, there exist quasi-isomorphisms 

{K[Gr/K* ^ Div(Gi,)) (Div^^^^(X) ^ Pic(X)) {R^ ^ F^). 

This completes the proof. □ 

Corollary 5.2. Under the hypotheses of the above proposition, there exists 
an isomorphism BraGft- ~ H}^^{K,G*). 

Proof. There exists an isomorphism 'Qiq^Gk — lHI^(i^, UPic(Gii') [1]) by |BvHj . 
Corollary 2.20(ii). On the other hand, the proposition and |GA4j . Proposi- 
tion 4.2, yield isomorphisms 

U^{K,\]Vic{Gk)[1]) ^n^{K,R* ^F*) Hly,{K,G*), 

whence the result follows. □ 

Similarly, for each prime v K, there exist isomorphisms BraGi^-^ ~ 
H^^(Ky,G*) which are compatible with the isomorphism of the preceding 
corollary. Thus the chosen flasque resolution of G induces an isomorphism 

(5.3) B{Gk):^U11^{K,G*)- 

Therefore the following statement is immediate from Proposition 4.9. 

Proposition 5.3. Assume that Gk admits a smooth K -compactification. 
Then there exists a perfect pairing of finite groups 

ml^{K,G) X B{Gk)^Q/Z, 

where mly,{K,G) and B{Gk) are the groups ()3.ip and ()5.ip . respectively. 

□ 

Remark 5.4. We stress the fact that the definition of the above pairing 
depends on the choice of a flasque resolution of G (note, however, that a 
different choice of flasque resolution leads to an isomorphic pairing). Now, 
the proposition and [GA3] , Corollary 5.10, establish the existence of a pair- 
ing m\K,G) X B{Gk) Q/Z which induces a bijection m\K,G) ~ 
B{Gk)^ over any global field K. The existence of such a bijection in the 
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number field case was established in [San] . Theorem 8.5, where the underly- 
ing pairing is the Brauer-Manin pairing. This raises the question of clarify- 
ing the relationship of the pairing of the proposition with the Brauer-Manin 
pairing, which we hope to address in a future publication. 

Now recall the subgroup H^y,^^^{K,G*) of Hl^{K,G*) given by (|4T4]) 
and let Bra,nr(Gx) denote the subgroup of BraGi^: which corresponds to 
-^ab nr(-^' ^*) Under the isomorphism of Corollary 5.2. Set 



(5.4) Brf {Gk ) = Bra,nr {Gk ) n Ker 



C BraGi^. 



Then, by Corollary 5.2 and Proposition 4.11, there exist isomorphisms 



Brf nr {Gk , 



^ab,nr(^'G'*)nKer 

D^S^G*). 



Hl^{K,G*)^'[\Hl^{K,,G*) 



Thus, using (j5.3p . the following statement is an immediate consequence of 
Theorem 4.12. 

Theorem 5.5. Assume that Gk admits a smooth K -compactification. Then 
there exists a perfect pairing of finite groups 

G,y,{G) X Br,^,,,(G;,)/B(Gi,) ^ Q/Z, 

where the groups Brfjjj.(Gx) and B(Gi^) are given by ()5.4p and (|5.1[) . re- 
spectively. □ 



References 

[Bor] Borovoi, M.: Abelian Galois cohomology of reductive groups. Mem. Amer. Math. 

Soc. 132 (1998), no. 626. 
[BvH] Borovoi, M. and van Hamel, J.: Extended Picard complexes and linear algebraic 

groups. J. reine angew. Math. 627 (2009), 53-82. 
[BLR] Bosch, S., Liitkebohmert, W. and Raynaud, M. Neron Models. Springer Verlag, 

Berlin 1989. 

[B] Brahm, B.: Neron-Modelle algebraischer Tori. Schriftenreihe des Mathematischen In- 
stituts der Universitat Miinster. 3. Serie 31. Miinster: Univ. Miinster, Mathematisches 
Institut; Miinster: Univ. Miinster, Fachbereich Mathematik und Informatik (Disserta- 
tion). X, 134 pp. (2003). 

[Br] Breen, L. On the classification of 2-gerbes and 2-stacks. Asterisque no. 225 (1994). 
[BT] Bruhat, F. and Tits, J.: Groupes algebriques sur un corps local. Ghapitre HI. 

Gomplements et applications a la cohomologie galoisienne. J. Fac. Sci. Univ. Tokyo Sect. 

lA Math. 34, no. 3 (1987), 671-698. 

[CTSl] Colliot-Thelene, J.-L. and Sansuc, J. -J.: R-equivalence sur les tores. Ann. sci. 
Ec. Norm. Sup., 4° serie, vol. 10 (1977), 175-229. 

[CTS2] Colliot-Thelene, J.-L. and Sansuc, J. -J.: Principal homogeneous spaces under 
fiasque tori: applications. J. Algebra 106 (1987), 148-205. 

[CT] Colliot-Thelene, J.-L.: Resolutions fiasques des groupes lineaires connexes. J. reine 
angew. Math. 618 (2008), 77-133. 



ABELIAN CLASS GROUPS OF REDUCTIVE GROUP SCHEMES 



33 



[SGA3] Demazure, M. and Grothendieck, A. (Eds.): Schemas en groupes. Seminaire de 

Geometrie Algebrique du Bois Marie 1962-64 (SGA 3). Lecture Notes in Math. 151-153, 

Springer, Berlin-Heidelberg-New York, 1972. 
[Demi] Demarche, C.: Theoremes de dualite pour les eomplexes de tores. 

arXiv:0906.3453vl [math.NT]. 
[Dem2] Demarche, C.: Le defaut d' approximation forte dans les groupes lineaires con- 

nexes. Proc. Lond. Math. Soc. (3) 102 (2011), no. 3, 563-597. 
[Gi] Giraud, J.: Cohomologie non abelienne. Die Grundlehren der mathematischen Wis- 

senschaften, vol. 179. Springer- Verlag, Berlin-New York, 1971. 

[GAl] Gonzalez- Aviles, C.D.: Arithmetic duality theorems for 1-motives over function 
fields. J. reine angew. Math. 632 (2009), 203-231. 

[GA2] Gonzalez- Aviles, C.D.: On Neron- Raynaud class groups of tori and the Capitula- 
tion Problem. J. reine angew. Math. 648 (2010), 149-182. 

[GA3] Gonzalez- Aviles, C.D.: Quasi-abelian crossed modules and nonabelian cohomology. 
larXiv:1110.4542t y2 [math.NT]. 

[GA4] Gonzalez- Aviles, C.D.: Flasque resolutions of reductive group schemes. 
larXiv:111 2.6020vl [math.NT]. 

[EGA] Grothendieck, A. and Dieudonne, J.: Elements de geometrie algebrique. Etude 
locale des schemas et des morphismes de schemas, Quatrieme partie (EGA IV). Publ. 
Math, de ITHES 20 (1964), 5259. 

[SGA4] Grothendieck, A. and Verdier, J. (Eds.): Theorie de Topos et Cohomologie Etale 

des Schemas. Seminaire de Geometrie Algebrique du Bois Marie 1963-64 (SGA 4iii). 

Lecture Notes in Math. 305, Springer, Berlin-Heidelberg-New York, 1972. 
[HS] Harari, D. and Szamuely, T.: Arithmetic duality theorems for 1-motives. 

J. reine angew. Math. 578, pp. 93-128 (2005), and Errata: available from 

http: /7www.renyi.hu/~szamuely 

[Har] Harder, G.: Uber die Caloiskohomologie halbeinfacher algebraischer Gruppen, HI. 
J. Reine Angew. Math. 274-275 (1975), 125-138. 

[Jen] Jensen, C.U.: Les Foncteurs Derives de et leurs Applications en Theorie des 
Modules. Lect. Notes in Math. vol. 254, Springer- Verlag, Heidelberg 1972. 

[La] Lang, S.: Algebraic groups over finite fields. Amer. J. Math. 78 (1975), no. 3, 555-563. 

[Mil] Milne, J.S.: Etale Cohomology. Princeton University Press, Princeton, 1980. 

[ADT] Milne, J.S.: Arithmetic Duality Theorems. Second Ed. (electronic version), 2006. 

[Nis] Nisnevich, Ye. The completely decomposed topology on schemes and associated de- 
scent spectral sequences in algebraic K-theory. Algebraic isT-theory: connections with 
geometry and topology (Lake Louise, AB, 1987). NATO Adv. Sci. Inst. Ser. C Math. 
Phys. Sci., 279, pp. 241-342. Kluwer Acad. Publ., Dordrecht, 1989. 

[Oes] Oesterle, J.: Nombres de Tamagawa et groupes unipotentes en caracterisque p. In- 
vent. Math. 78 (1984), 13-88. 

[PR] Platonov, V. and Rapinchuk, A.: Algebraic Groups and Number Theory. Academic 
Press Inc., 1994. 

[San] Sansuc, J. -J.: Croupe de Brauer et arithmetique des groupes algebriques lineaires 
sur un corps de nombres. J. reine angew. Math. 327 (1981), 12-80. 

[Se] Serre, J. -P.: Cohomologie Caloisienne. Lect. Notes in Math. 5, Springer- Verlag, New 
York 1986. 

[Th] Thahg, N.Q.: Corestriction Principle for non-abelian cohomology of reductive group 
schemes over Dedekind rings of integers of local and global fields, preprint (2008). 

Departamento de Matematicas, Universidad de La Serena, Chile 
E-mail address: cgonzalez@userena. cl 



